Abstract. We propose a highly efficient thermoelectric diode device built from the coupling of a quantum dot with a normal or ferromagnetic electrode and a superconducting reservoir. The current shows a strongly nonlinear behavior in the forward direction (positive thermal gradients) while it almost vanishes in the backward direction (negative thermal gradients). Our discussion is supported by a gauge-invariant current-conserving transport theory accounting for electronelectron interactions inside the dot. We find that the diode behavior is greatly tuned with external gate potentials, Zeeman splittings or lead magnetizations. Our results are thus relevant for the search of novel thermoelectric devices with enhanced functionalities.
Introduction
Diodes are building blocks in modern electronics industry due to its ability to show unidirectional current flow. Thus, in semiconductor p-n junctions the current I becomes a non-odd function of the applied voltage V , I(V ) = −I(−V ), leading to substantial rectification. Recently, the interest has shifted to finding diode effects in devices in the presence of a thermal gradient θ [1] , I(θ) = −I(−θ). This is a thermoelectric phenomenon and thereby the name of Seebeck diodes. Furthermore, the spin current can be also rectified as predicted in the spin Seebeck diodes [2, 3, 4, 5, 6] . Here, the spin current is generated via the experimentally demonstrated spin Seebeck effect [7, 8, 9] .
In quantum coherent conductors coupled to normal metallic leads, the thermoelectric current becomes strongly nonlinear when the local density of states is energy dependent and more than one resonance is involved in the transmission function [10, 11] . Otherwise, the weakly nonlinear terms in a current-temperature expansion are small compared to the linear response coefficients [12, 13] . These nonlinearities precisely describe, to leading order, rectification and diode effects [14] . We have recently shown that a quantum dot sandwiched between ferromagnetic and superconducting terminals exhibits large thermoelectric power and figure of merit [15] . The effect arises because a spin-split dot level allows for tunneling from the hot metallic lead to the available quasiparticle states in the cold superconducting side [16, 17, 18, 19] . Nevertheless, our analysis was valid in the linear regime of transport only. In this paper, we consider the nonlinear case. Surprisingly, we find a highly efficient diode effect that works equally well for both the charge and the spin transport flow. The basic operating principle of our device relies on a strong energy dependence of the transmission function which naturally arises in the quasiparticle spectrum of normal-superconducting junction.
A careful calculation of the current-voltage characteristics beyond linear response requires knowledge of the nonequilibrium screening potential inside the mesoscopic structure [20] . When the nanosystem is subjected to the application of large thermal gradients, one needs to determine the variation of the internal electrostatic field to temperature shifts [12, 21, 22] . For large quantum dots or for dots strongly coupled to the leads (weak Coulomb blockade regime [23] ), it suffices to treat electron-electron interactions at the mean-field level. We consider a single-level dot with fluctuating potential U due to injected charges from the attached leads, see Fig. 1 . A recent work reports the observation of weak diode effects in a superconductor coupled to a twodimensional electron gas [24] . We here propose that a hybrid quantum dot working as an energy filter between the normal reservoir and the superconducting terminal [25, 26] leads to much stronger diode features with rectification efficiencies close to unity.
Formalism
Our Seebeck diode consists of a ferromagnetic (F) reservoir characterized by a spinpolarization p (|p| ≤ 1), a single-level quantum dot (D), and the superconductor (S), as depicted in Fig. 1 . The normal metal case (N) has equal spin up and down densities, we therefore put p = 0 in the left lead. We write the model Hamiltonian [27] where
describes the left N or F lead with charge carriers of momentum k, spin σ =↑, ↓, and energy ε Lkσ , and
is the superconductor Hamiltonian with the energy gap ∆. We consider an equilibrium superconductor where the phase of ∆ can be neglected by a gauge transformation, hence void of AC Josephson effect arising from the phase evolution. Importantly, in the dot Hamiltonian of Eq. (1)
the spin-dependent energy level ε dσ = ε d + σ∆ Z is renormalized by the internal potential U σ that accounts for the Coulomb interaction. The Zeeman splitting ∆ Z is finite when the magnetic field is on. The screening potential U = σ U σ is determined by solving the Poisson's equation which for homogeneous potentials reads δq = q − q eq = C(U − V g ) where C and V g are the capacitance of the dot and the gate potential applied to it, respectively. We consider the charge neutral limit (C = 0), an experimentally relevant situation for strongly interacting dots. The solution can be expressed by the lesser Green's function [28] , i.e., q = −i´dε G < (ε), where
. We also consider the spin-generalized case [27] and solve the Poisson's equation in a spin-dependent manner [29] incorporating the ferromagnet polarization and the magnetic field applied to the quantum dot. In this case, the spindependent charge density reads q σ = −i´dε G < σ (ε) where G < σ (ε) is explicitly written in Appendix A. In order to take into account full nonlinearity of the temperature gradient θ [ Fig. 1 ], we numerically solve two nonlinear equations
Here, the screening potential fluctuates in order to keep the dot charge constant. This gives the solution of the form U σ = U σ (θ) for each spin σ =↑, ↓ valid to all orders in a temperature expansion of the potential. We find that interactions favor the diode effect. This will be discussed more in detail below. Finally, the tunneling Hamiltonian in Eq. (1) reads
where t ασ is the hopping amplitude between the quantum dot and each lead α = L, S.
The spin-resolved current
can be evaluated from the time evolution of electron number N Lσ = k c † Lkσ c Lkσ in the left lead by employing the nonequilibrium Keldysh Green's function technique [30, 31] . In the isoelectric case with no voltage bias V = 0, the subgap Andreev current is completely blocked since
is identically zero to all orders in θ [32] . This insensitivity of I σ A to thermal gradients only is a manifestation of the particle-hole symmetry inherent in the subgap transport. Consequently, the total current emerges only from the quasiparticle contribution; hence we can write the spin-resolved current
where
is the Fermi-Dirac distribution function with local temperature for each lead T α = T + θ α (T : background temperature, θ α : thermal bias). We apply the thermal gradient θ only to the left non-superconducting lead (T L = T + θ) while the superconductor maintains the equilibrium temperature T S = T (θ S = 0) and take the Fermi level to be E F = 0. Thus, the forward thermal bias is defined by θ > 0 and the backward one by −T < θ < 0.
Importantly, the quasiparticle transmission in Eq. (7) is proportional to the superconducting density of states
where to the system in order to activate the quasiparticle contribution. On the other hand, the quasiparticle current can be deactivated when we cool the system down, i.e., applying backward thermal gradient with θ < 0, in which case the current is highly suppressed. This comprises the working principle of our charge and spin Seebeck diode proposed here: (i) complete suppression of the parasitic Andreev current with V = 0, (ii) activation of quasiparticles above the superconducting gap with the forward temperature gradient θ > 0 but not the other way round with θ < 0. Now, the combination of superconductivity and spintronics can lead to novel functionalities with better performances [33, 34] . In order to realize the spin Seebeck diode [2, 3, 4, 5, 6] . either finite magnetic field ∆ Z = 0 or a nonzero polarization p = 0 using the ferromagnet is necessary to break the spin symmetry of the transmission, viz. T ↑ Q (ε) = T ↓ Q (ε) in Eq. (8) . However, even in nonmagnetic case with p = ∆ Z = 0, the charge current-temperature curves would clearly show the charge Seebeck diode features owing to the underlying mechanism explained above. Below, we discuss I c − θ and I s − θ characteristics in the isoelectric case where the charge (I c ) and spin (I s ) currents are defined with the aid of Eq. (7):
Results and discussion
We firstly discuss the interaction effects characterized by the screening potential. Figure 2 shows U σ as a function of θ in a N-D-S device where p = ∆ Z = 0. The potential U σ for θ < 0 is rather suppressed whereas it linearly increases for θ > 0. In addition, its linear slope saturates as we increase the dot level beyond ε d = 0.5∆ close to the superconductor gap for θ > 0 while the potential decreases further for θ < 0 as ε d approaches ∆. We emphasize that interaction effects are beneficial for the diode behavior discussed here since the forward thermal bias θ > 0 shifts the effective dot level higher than that of noninteracting limit to keep the dot charge constant. This is a nice property that clearly makes the synergy with the thermally excited quasiparticle states in the left normal contact. Fig. 3(a) , the charge current for backward thermal gradients θ < 0 is greatly suppressed as discussed above whereas strongly nonlinear thermocurrent is generated by heating (θ > 0) the normal metallic lead. Moreover, the forward current can be amplified by tuning the gate potential as shown with several dot level positions. I c increases as the dot level position approaches the superconducting gap onset and it is reinforced by interaction effects.
The rectification efficiency can be quantified by
for fixed forward and backward thermal gradients ±θ 0 . This number is bounded and the maximum efficiency is given by η = 1 if the backward thermocurrent completely vanishes. In Fig. 3(b) , η is shown as a function of ε d at k B θ 0 = 0.07∆. This thermal bias is about 250 mK for Al, still lower than the background temperature. Therefore, we do not need large temperature bias to observe the diode effect [inset of Fig. 3(a) ]. Remarkably, the rectification is very efficient as η is close to unity for various coupling limits, i.e., stronger coupling to S or N and an identical tunnel broadening to each lead. This shows the robustness of our device to unintentional variations of the coupling values to the external contacts. Albeit not shown, high efficiencies displayed here are rather insensitive to the change of background temperature T . Another useful way of quantifying the efficiency of our device is to introduce the asymmetry ratio defined by One can easily find the relation R = 1/(1 − η) from Eq. (11). Table 1 displays a fast growth of R as a function of θ 0 , which can be inferred from Fig. 3 . Figure 4 (a) shows the spin Seebeck diode feature [2, 3, 4, 5, 6] in a N-D-S device with a magnetic field applied to the dot, i.e., ∆ Z = 0. The ferromagnet is not an essential ingredient if the Zeeman splitting in the dot is nonzero. We observe a quick increase of the spin current as a function of θ. This increase is more dramatic for higher Zeeman splitting because then the dot level allows for greater current into the empty quasiparticle states. In Fig 4(b) , a F-D-S setup with a nonzero polarization p = 0 also exhibits the spin current rectification depending on the thermal bias direction. In this case, I s increases for higher p due to more available states with spin up in the source contact. The analogous rectification efficiencies [Eq. (11) In a realistic superconductor sample, the energy gap depends on the temperature, e.g., ∆(T ) = ∆ 0 1 − (T /T c ) 2 , where T c is the superconducting critical temperature of the material. If we take Al for a superconductor, its zero temperature energy gap is about ∆ 0 = 0.34 meV with T c = 1.2 K. Then, one can easily estimate ∆(500 mK) ≈ 0.9∆ 0 with the background temperature k B T = 0.1∆ 0 we have used in this paper. This means that Al superconducting gap is mostly unaffected up to rather high temperatures T ≈ 500 mK. One can therefore practically embody the Seebeck diode as suggested here with, e.g., an Al superconductor and a nanowire or a carbon nanotube quantum dot. A typical current value is 0.001e∆/h ≈ 13 pA, which is within the reach of today's experimental techniques [17] . For the magnetic configurations, however, ∆ Z = 0.1∆ corresponds to B ≈ 0.03 T for a nanowire quantum dot with an effective g-factor 40. This already exceeds the critical field B c = 0.01 T of Al, hence in this case a superconductor with a higher B c , e.g., Nb compounds, should be used to observe the effects shown in Fig. 4(a) .
Summary
Since thermoelectric generators and coolers have thus far shown low efficiencies, it is crucial to propose efficient thermoelectric devices with new purposes. Here, we have proposed a proof-of-principle design for a charge and spin Seebeck diode built from the hybrid superconductor quantum dot device. Either normal metallic or ferromagnetic lead can be attached to the quantum dot. Our device shows strong rectification and diode effects as the rectification efficiency is very close to 100%. We have found that the diode features in the device are highly tunable with back gate potentials, magnetic fields, and lead magnetizations which opens the route for its use in information processing applications. We have treated Coulomb interactions in the mean-field approximation. In this case, the potential shift is a function of the temperature gradient applied to the nonsuperconducting lead. Our calculations are valid for metallic dots with good screening properties [23] . We expect that the diode behaviors would survive for a broad range of interaction strengths, even beyond mean field, since the main underlying mechanism of rectification effects is the gapped quasiparticle spectrum with a complete suppression of the subgap transport.
where Γ Lσ = Γ L (1 + σp) and Γ S = Γ S Θ(|ε| − ∆)|ε|/ √ ε 2 − ∆ 2 . Then, the spingeneralized charge fluctuations in Eq. (5) can be written as
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